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AIDS Clinical Trials Group Study 359: a real-data case from 2000

® Viral load at treatment start is a clinically relevant prognostic marker in HIV studies.

® This study enrolled individuals with virologic failure on indinavir who were about to

start a new antiretroviral regimen.

Z = waiting time Y =VL,grimic.
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® Gomez, Espinal and Lagakos (2003)
Linear model with interval-censored time-to-event Z

loggY =a+~Z+ pBage+¢, e~ N(0,1)
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Study of carotenoids

® Carotenoids are a family of antioxidant plasma compounds acquired from vegetables,
for example:
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Marhuenda-Mufioz M et al. (2022) Circulating carotenoids are associated with favorable lipid and fatty acid profiles in an
older population at high cardiovascular risk. Front Nutr
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e 7 isinterval-censored between Z, and Z g

E[V|X,Z] =g '(a+BX ++2)

Continuous interval-censored covariate

Andrea Toloba GLM with two interval-censored covariates linked by a Gumbel copula XI GRBIO Retreat 2026 2/10



Regression model with an interval-censored covariate

® Likelihood-based approach

06, W() = log (/T Flyil@i, 23 0) dW(z)) where W(z) = Pr(Z < z).
i=1 21,

ll

(valid under non-informative censoring and conditional independence)

* GLMforY|X, Z:
pi = E[Y|z;, 2] = a+ B'z; + vz,
0=(a,8,v0¢) .

Y (i) — b(P(ps))

3 +C(y7¢>)}7

F(y; i, @) = exp {

> If W(z) is known (or estimated with negligible error) plug it in and maximize with respect to 6.

> When the estimation error in W must be accounted for:
- Parametric T (z; A): jointly estimate A and 6

- Semi-/nonparametric W' iterative procedure alternating between estimation of
W and maximization of £(0). Gomez et al. (2003), Langohr et al. (2004), Sizelove et al. (2024), Li et
al. (2026)
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The Gomez-Espinal-Lagakos continuous (GELc) approach

® Observed intervals determine a partition for the support of Z, or domain of W (-)

Ij =la;,b;], j=1,...,m, suchthat |z,,z2,,]|= U I;
) FLjNzy 2] £
Observed intervals

—
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Augmented Turnbull intervals
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® If W(z|x) =W (z), the increase of W (-) in these intervals can be estimated as the fixed point of

n

1
l
w§. 1) - P ZE[ZEI_'/ [ yi @iz, ,2r;; w(l)]
i=1
1o wi - Ci;(6) )
zfznj D s j=1...,m
ni4 ZL—l Rkwk 1k(0)

Q Indicator that subject % contributes to
ki =1{I; N |z, , 20, 24 - )

J {50 g 2e) # 23, estimating the increase of W on I
Average conditional density
of y; given x; over z € I

Ci;(0) = / Flyilas, = 6) dz] / 111,
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The GELc estimator 0.

Consider the class of distribution functions that are piecewise uniform on the augmented Turnbull
intervals:

j—1 ) map
ﬂ—{W(Z)—ZHJk+(Z aj)ﬁ forz e I; = |aj,b;], w; >0, j=1,...,mn, ijzl}
Theorem [Toloba, Langohr, and Gémez-Melis]. For fixed 6, the augmented Turnbull estimator

3—1

Wa(2:0) = > @ + (2 a,)l
k=1

Il forzEIj:[aj,bj]

maximizes £(6, W (-)) over W,,.

Uniqueness and uniform convergence to the true W hold under additional identifiability and regularity conditions.

The GELc estimator 8¢ gL is obtained by alternating until convergence between

wrtD = argmaxf(e(”7 W) and ot = argmaxﬁ(e,W(T+1)(-;0(T))).
WewWn 6coO

TheoArem. If /VV" is uniformly consistent at a rate faster than n~1/4, the effect of estimating W on

Vvn(BceLe — 00) is asymptotically negligible and, under regularity conditions,

Vi (BaLe — 80) —— N (0,1‘1> .

Standard errors can be obtained from the Hessian with respect to 6 at the final iteration.
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The ICenCov R package

icglm

plotint

censoring

Model diagnostics

Example datasets
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Fit a GLM with one interval-
censored covariate using
GELc.

Visualize the observed cen-
soring intervals.

Simulate  non-informative
interval-censored data.

plot_ic_mapping
plot_icres_cdf
plot_icres_qq

carotenoids
actg359

github.com/atoloba/ICenCov
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Two interval-censored covariates linked by a Gumbel copula
* GLM E[V|X,U, V] =g a+BX +~U +(V), U and V interval-censored
Fy,v(u,v) = Ce(G(u), H(v)), G and H marginal distributions
e11/¢
= exp{ [ (-InG( u)) + (= In H(v)) ] }, E> 1
e Log-likelihood function
06,G, H,¢) = ng/ / " Fyilas, u,v; 0) ce(G(u), H(v)) dG(u) dH (v).
i=1 Wy Ty
e GELc estimation approach: Alternate between

GUr+1) — argmaxE(G(T), G, ITI“),g(T)), H+D = argmaxf(ﬂ(r), é(r+1), H,§(T))
G€EGn HeHn

and (8,6)" Y = argmax £(9,GUHY HHD ¢).
60,621
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Extending the augmented Turnbull estimator to copula-linked covariates

The observed intervals for U determine the augmented Turnbull intervals I](.U) =laj by, j=1,...,myu.

Fixing 6, ¢, and H, and assuming that G is piecewise uniform, the increments w; = G(b;) — G(a;)
are updated by the self-consistency equation (5 = 1,...,my)

(O]

W . rorg rur;  [urg a
KEPU‘Z”\ /z<">/ Flyil@i,u,v;0) (G (u), H(v)) dH (v) du + / / il u,v;0) Zee(rs)| o0 )Ai(u)dFl('u)dG”)(u)
i ;G ey Tug vy TN
Lot _ = L:(0,GO, H,€)
;= o El
L[ sl i) Sectrs) GO w) dH (v) 6" ()
n Juy Sy, r u
nty
=
0, u < aj,
()
INCICH R b
- u(“‘(u—m), aj <u<by,
P
wl, u>b;

The equations for H are analogous.
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Toy example: GELc with two interval-censored covariates

e Accelerated failure time model (AFT)

log(T) =a+~U +(¢V + cE, E ~ standard Gumbel.

The covariates were simulated with marginals U ~ Exp(1) and V' ~ N (3, 1) (under Kendall's = = 0), and then

interval-censored. The response was generated with approximately 30% right-censoring.

Marginal distribution of U Marginal distribution of V
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Estimated (solid lines) and true (dashed lines) marginal distributions.

Parameters

« % ¢ o
True 0 0.50 2.00 0.70
Estimated 1.27 0.40 1.89 0.88
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Summary and final remarks

® Interval-censored covariates arise naturally in biomedical studies, for example when biomarkers
or event times are only known to lie within ranges of values.

® For one interval-censored covariate, the GELc approach combines:

- alikelihood-based regression model for Y| X, Z,
- anonparametric estimator of W based on augmented Turnbull intervals,

- an iterative maximization procedure alternating between W and 6.

® The augmented Turnbull estimator is the NPMLE over the class of piecewise-uniform distribution
functions, with consistency and asymptotic normality of 81 under additional conditions.

® Current work is to extend the idea to two interval-censored covariates linked through a copula.

® Preliminary simulations suggest that the approach is promising, but further work is needed to
study identifiability, asymptotic properties, and performance under heavier censoring.
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