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Introduction

Networks provide additional information for the analysis of biological
data beyond the traditional analysis that focuses on single variables.

Several networks can be built from a single dataset (or a list of
metabolites), where each network represents different relationships,
such as statistical (correlated metabolites), biochemical (known or
putative substrates and products of reactions), or chemical (structural
similarities, ontological relations).
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Knowledge and experimental networks
Knowledge networks are generated from biochemical or biological
knowledge and allow interpreting omics data in the context of prior
biological knowledge, such as metabolic pathways and enzymatic
reactions.

Experimental networks are generated from the omics data itself, based
on relationships between elements in the data (e.g., spectral similarity,
or correlation).

More information can be found in (Amara et al. 2022).
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Complex System
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Complex System
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Metabolite concentration or Gene expressions
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Observations
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From true models to Networks
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Pairwise correlations

Let’s assume a mutivariate normal distribution over all random
variables.

A simple method for inferring the network of (linear) dependencies
among a set of variables is to compute all pairwise correlations and
subsequently to draw the corresponding graph.

A major drawback of correlation networks, however, is their inability to
distinguish between direct and indirect associations.

Correlation coefficients are generally high in large-scale omics data sets,
suggesting indirect associations.
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Conditional Independence
Suppose that we have a collection of random variables (Xv )v∈V with a
joint density. Let A, B and C be subsets of V and let XA = (Xv )v∈A
and similarly for XB and XC . Then the statement that XA and XB are
conditionally independent given XC , written

A ⊥⊥ B | C ,

means that for each possible value of xC of XC , XA and XB are independent
in the conditional distribution given XC = xC . So if we write f () for a
generic density or probability mass function, then one characterization of
A ⊥⊥ B | C is that

f (xA, xB | xC ) = f (xA | xC ) f (xB | xC ).

An equivalent characterization is that the joint density of (XA, XB, XC )
factorizes as f (xA, xB, xC ) = g(xA, xC ) h(xB, xC )
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Gaussian Graphical models (GGMs)

Gaussian graphical models (GGMs) circumvent indirect association effects by
evaluating conditional dependencies in multivariate Gaussian distributions
To each node j , we associate a random variable Xj , for j = 1, 2, ..., p.
The edges between the variables in the network indicate conditional
independence: no edge between node i and j , implies Xi and Xj are
independent given all other remaining variables Xk , Xi ⊥⊥ Xj | Xk .
The combination of the network and a distribution over all random variables
X1, X2, ..., Xp is called a graphical model. When the multivariate distribution
over all random variables is Gaussian (normal), we call the network together
with the distribution a Gaussian Graphical Model (GGM).
It turns out that whenever the correlation ρij between the variables Xi and Xj
is ̸= 0, then there is a path of edges in the network between nodes i and j .
However, we cannot determine what the path is by considering only
correlations.
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Precision matrix
Suppose the (joint/full) covariance matrix Σ = (σij) is positive definite
and therefore invertible. The precision matrix or concentration matrix
is the matrix inverse of the covariance matrix,

Θ = Σ−1.

For univariate distributions, the precision matrix degenerates into a
scalar precision, defined as the reciprocal of the variance, θ = 1

σ2 .

0s in the precision matrix Θ play a central role in a GGM (Lauritzen
1996).

θij = 0 ⇐⇒ Xi ⊥⊥ Xj | Xk

f (x) = 1
(2π)p/2|Σ|1/2 exp

(
−1

2(x − µ)⊤Σ−1(x − µ)
)
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Gaussian Graphical Model
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Partial correlation

Because correlations are easier to interpret, the partial correlations are often
used in GGMs instead of partial covariances.
The partial correlation between X and Y given a set of n controlling variables
Z = Z1, Z2, ..., Zn, written ρXY ·Z , is the correlation between the residuals eX
and eY resulting from the linear regression of X with Z and of Y with Z ,
respectively.
The partial correlation can also be written in terms of the joint precision
matrix. Consider a set of random variables, V = X1, . . . , Xn of cardinality
n. We want the partial correlation between two variables Xi and Xj given all
others, i.e., V \ {Xi , Xj}. Suppose the (joint/full) covariance matrix Σ = (σij)
is positive definite and therefore invertible. If the precision matrix is defined
as Θ = (θij) = Σ−1, then the partial correlation matrix P = (ρXi Xj ·V\{Xi ,Xj })
is given by

ρXi Xj ·V\{Xi ,Xj } = − θij√
θiiθjj

Antonio Miñarro (aminarro@ub.edu) Differential Network Analysis (DNA) GRBIO July 17, 2025 14 / 44

mailto:aminarro@ub.edu


Networks based on the correlation matrix and on the
partial correlation matrix

The key idea behind GGMs is to use partial correlations as a measure of dependence of any
two variables.

A GGM is an undirected graph in which each edge represents the pairwise correlation
between two variables conditioned against the correlations with all other variables (partial
correlation coefficients).

Hence, assuming that the partial covariances are 0, leads to the variables being independent
when the multivariate distribution is Gaussian.
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Estimation of GGMs via regression coefficients

In a multiple linear regression framework the regression of variable i on
the remaining variables is

Xi =
∑
j ̸=i

Xjβij + ei

The indices ij in the coefficient βij make clear that it is about the
relation between variables i and j in the network.

The relation between the coefficient βij and the precision matrix Θ is
(Lauritzen 1996)

βij = −θij
θii

So if βij = 0 then also θij = 0.
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Node-wise regression

In nodewise regressions, we obtain estimates of the edges of the
network by considering in turn each node as the dependent variable
and the other nodes as predictors.

We, therefore, make p regressions with each p − 1 predictors (the
remaining variables), and obtain in total p(p − 1) estimates, so two for
each edge.

We select a variable Xi , regress it on the rest, and assign an edge
between Xi and another variable Xj if the coefficient βij is nonzero.

We use linear regression since the mean of a univariate conditional
Gaussian is modeled by a linear combination of all other variables.

Whe n > p the estimates are unique, but when n < p the least squares
solution is no longer unique.
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Penalized regression

The covariance matrix is not invertible when we have more variables than
individuals because it becomes singular.
To overcome the problem we can use a penalized form of regression such as
the least absolute shrinkage and selection operator (lasso) (Tibshirani 1996).
In an ordinary least squares regression

Lβi (x) = 1
2n

n∑
k=1

xki −
∑
j ̸=i

xkjβij

2
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Penalized Regression (2)
For regression with the lasso, the coefficients βij for each node i are obtained by a
combination of least squares and a penalty, the sum of absolute values of the
coefficients weighted by a penality parameter.

Lβi ,λ(x) = 1
2n

n∑
k=1

xki −
∑
j ̸=i

xkjβij

2

+ λ
∑
j ̸=i

|βij |

The lasso has the advantage that by estimating the coefficients βij , the
coefficients are also selected because some of the estimated coefficients will
be exactly 0 (Tibshirani 1996).
Additionally, the lasso has the advantage that it decreases prediction error
(i.e., the error between prediction using the estimate and the true parameter).
The lasso penalty parameter, usually denoted by λ, needs to be determined,
and so, an estimate depends on the value λ chosen. Specifically, larger values
of λ result in stronger regularization. Often the value for λ is obtained by
using cross-validation.
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Lasso Technique Under the Generalized Linear Model
Framework

The Lasso technique can be extended to the framework of Generalized
Linear Models (GLMs), which allows for modeling a wide range of data
types, including binary, count, and continuous data.

GLMs extend linear models by allowing the response variable y to have
a distribution from the exponential family (e.g., binomial, Poisson,
normal). The model is specified by:

Link function: g(µ) = η, where µ is the mean of the response variable
and η is the linear predictor.
Linear predictor: η = Xβ, where X is the matrix of predictors and β is
the vector of coefficients.
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Lasso Regularization in GLMs

Lasso regularization adds a penalty term to the GLM to perform variable
selection and regularization. The objective function for Lasso in the GLM
framework is:

β̂ = arg min
β

 1
N

N∑
i=1

L(yi , ηi) + λ
p∑

j=1
|βj |


Here:

L(yi , ηi) is the loss function (e.g., deviance) for the i-th observation.
ηi = Xiβ is the linear predictor for the i-th observation.
λ is the regularization parameter that controls the amount of shrinkage
applied to the coefficients.
N is the number of observations.
p is the number of predictors.
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Mixed Graphical Models MGMs
Mixed Graphical Models MGM allow one to combine an arbitrary set
of conditional univariate members of the exponential family in a joint
distribution.

A penalized LASSO regression is performed in the Generalized Linear
Model (GLM) framework with a link-function appropriate for the node
at hand.

Figure 1: Complexity Lab Utrecht(CLUe)
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Estimating Mixed Graphical Models by node-wise
regression with regularization

Image: Complexity Lab Utrecht (CLU)
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Application: Autism data (Haslbeck and Waldorp
2020)
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Application: Resting state fMRI data (Haslbeck and
Waldorp 2020)
The dataset consists of BOLD measurements of 68 voxels for 240 time points, where the average
sampling frequency is 2 seconds.

Figure 2: Visualization of the fitted mVAR model, where we depict the parameters
separately for each lag. Red edges indicate positive relationships, green edges
indicate negative relationships. The width of the edges is proportional to the
absolute value of the edge-parameter.

For the lag of size one, many coefficients are nonzero. In contrast, for the lags of size two and
three only few coefficients are nonzero. For a typical fMRI data analysis, this could mean that it is
sufficient to fit a VAR model of lag 1 in order to reduce the variance for further analyses.Antonio Miñarro (aminarro@ub.edu) Differential Network Analysis (DNA) GRBIO July 17, 2025 25 / 44
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Application (Peron et al. 2021)
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Application (Peron et al. 2021)
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Changes in a network

Let G = (V , E ) be a network with nodes V = {1, 2, ..., m} and edge
set E ⊆ V × V . Changes in G can be due to changes in:

its nodes, V,
its edges, E,
both.

Changes in the node set are common in social and communication
networks, where both V and E can change as the network grows over
time.

We focus on the setting where the node set V is fixed and the goal is
to identify changes in network edges, E.
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Measures of difference between networks

We restrict the discussion to comparing two networks, G1 and G2 with
the same node set V and edges sets E 1 and E 2, or, equivalently,
adjacency matrices A1 and A2.

E 1 and E 2 may have been directly observed, obtained from
experiments, or learned from observations on the nodes via graphical
modeling approaches.

We focus primarily on networks inferred using graphical modeling
methods. For instance, in the case of GGMs, As , s ∈ {1, 2} may
correspond to estimated partial correlation matrices P̂1, P̂2
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Global differences between networks

The question here is if A1 = A2. Different norms or distance measures
can be used to assess whether A1 and A2 are the same.

For instance ||A1 − A2|| for some matrix norm. In the case of GGMs
||P̂1 − P̂2||.

The topology of the space of networks offers additional measures of
differences between A1 and A2, including (potentially vector-valued)
summary measures of the two networks:

size and/or number of clusters
the average connectivity
the degree distribution
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Local differences between networks

In many applications, local differences between the two networks,
including differences in individual edges, neighborhoods, or
subnetworks, can also be of interest. This is especially the case in
biological applications, where network-based biomarkers can be used to
interrogate mechanisms of disease initiation and progression.

Identifying local differences between networks can also be of interest
following an affirmative global test of difference between the two
networks.

Local differences between two networks can be assessed qualitatively or
quantitatively:

P̂1
jk ̸= P̂2

jk
j − k ∈ G1 but j − k ̸∈ G2
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Examples of quantitative and qualitative differences
in networks
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TCGA breast cancer gene expression dataset

The dataset is obtained from the TCGA database. It includes gene
expression measurements for 231 luminal A cancers and 95 basal-like
cancers.

The data only includes expression measurement of genes that overlap with
the breast cancer pathway (hsa05224) from the KEGG database. It includes
an expression matrix (samples × genes) and a vector denoting group
membership.
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TCGA breast cancer gene expression dataset (2)

Adj_B - Adj_L: 194 different edges
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TCGA breast cancer gene expression dataset (3)

supp(Adj_B) - supp(Adj_L): 179 different edges
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Network structure comparison via permutation
testing

1 Estimate the network structures from the observed data
2 Select and calculate the value of a test statistic
3 Repeatedly

a. Pool the data sets and resample
b. Estimate the network structures
c. Calculate the test statistic

4 Evaluate the significance
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TFG 2024 Núria Serra Pons
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TFG 2024 Núria Serra Pons (2)

Based in (Borkulo et al. 2023)

AG denotes a symmetric p × p matrix with edge weights of a graphical model G

Test Hypothesis Test statistic p-value
INS1 H0 : A1 = A2 M(A1, A2) = maxij |a1

ij − a2
ij | 0.2208

IGS2 H0 :
∑p

i=1

∑
j>i

∣∣a1
ij

∣∣ =
∑p

i=1

∑
j>i

∣∣a2
ij

∣∣ S(A1, A2) =
∣∣∑p

i=1

∑
j>p

(|a1
ij | − |a2

ij |)
∣∣ 0.0249

1 Invariant Network Structure (INS): all edges in the networks as a whole could be compared in an omnibus test. An efficient way
to use resampling for testing differences between all edge weights, is using the maximum statistic.

2 Invariant Global Strength (IGS): the overall level of connectivity is the same across subpopulations
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Simulation studies (1)

Two different network structures are defined via adjacency matrices, which are converted into
precision matrices to simulate multivariate normal data. These datasets are then used to estimate
partial correlation networks, which are compared using distance metrics and statistical testing via
bootstrap and permutation methods.
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Simulation studies (2)

Type Hamming Jaccard Frobenius
Level of significance 0.04 0.04 0.07
Power 0.87 0.87 1
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Many more metrics

We’ve worked on three metrics but there are many more (Shvydun 2023)
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Software used

All calculations have been made with the software R version 4.5.0
(2025-04-11 ucrt) (R Core Team 2024).

R packages used:
mgm (Haslbeck and Waldorp 2020)
qgraph (Epskamp et al. 2012)
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Thank You!
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